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Abstract
In this paper, we analyze the problem of constructing a surface pencil
from a given spacelike (timelike) line of curvature. By using the Frenet
frame of the given curve in Minkowski 3-space, we express the surface
pencil as a linear combination of this frame and derive the necessary and
sufficient conditions for the coefficients to satisfy the line of curvature
requirement. To illustrate the method some examples showing members
of the surface pencil with their line of curvature are given.
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1 Introduction
On a Minkowski surface, tangent vectors are classified into timelike, spacelike
or null and so a curve on the surface is said to be timelike, spacelike or null if
its tangent vectors are always timelike, spacelike or null, respectively. In fact,
a timelike curve corresponds to the path of an observer moving slower than
the speed of light, spacelike curve corresponds to moving faster than the speed
of light and null curve corresponds to moving at the speed of light. Surface
with a common characteristic curve have been the subject of many recent stud-
ies. Wang et.al.[1] studied the problem of constructing a surface pencil from
a given spatial geodesic. They parametrized the surface by using the Frenet
frame of the given curve and gave the necessary and sufficient condition to sat-
ify the geodesic requirement. Kasap and Akyıldız [2] considered the surfaces
with common geodesic in Minkowski 3-space. They studied spacelike surface
with common spacelike geodesic and timelike surface with common spacelike
or timelike geodesic. Li et.al.[3] derived the necessary and sufficient condition
for a given curve to be a line of curvature on a surface. S¸affak and Kasap [4]
analyzed the problem of finding a surface family through a null geodesic with
Cartan frame. Being inspired by the above studies, we extend the method of
Lie et. al. [3] to derive the necessary and sufficient condition for the given curve
to be a line of curvature for the parametric surface. By utilizing the Frenet
frame, we derive necessary and sufficient condition for the correct parametric
representation of the surface P (s, t) when the parameter s is the arc-length of
the curve r (s) and find the necessary constraints on the coefficients of vectors
of the frame ( which are called marching-scale functions) so that both the line of
curvature and parametric requirement are met. Thus, we defined the spacelike
and timelike surface pencil with common line of curvature. Also, we give two
general forms of the marching-scale functions and obtain necessary and suffi-
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cient conditions on them for which the given curve is a line of curvature on a
surface. Finally, we give some nice examples, showing members of the surface
pencil with their common line of curvatures to illustrate the method.
2 Preliminaries
Let us consider Minkowski 3-space R31 =
[
R
3, (+,+,−)
]
and let the Lorentzian
inner product of X = (x1, x2, x3) and Y = (y1, y2, y3) ∈ R
3
1 be
〈X,Y 〉 = x1y1 + x2y2 − x3y3.
A vector X ∈ R31 is called a spacelike vector when 〈X,X〉 > 0 or X = 0. It
is called timelike and null (lightlike) vector in case of 〈X,X〉 < 0, 〈X,X〉 = 0
for X 6= 0.respectively, [5]. The vector product of vectors X = (x1, x2, x3) and
Y = (y1, y2, y3) ∈ R
3
1 is defined by [6]
X × Y = (x2y3 − x3y2, x3y1 − x1y3, x2y1 − x1y2) .
Let r = r (s) be a unit speed curve in R31. By κ (s) and τ (s) we denote
the natural curvature and torsion of r (s) ,respectively. Consider the Frenet
frame{T,N,B} associated with the curve r = r (s) such that T = T (s) , N =
N (s) and B = B (s) are the unit tangent, the principal normal and the binormal
vector fields, respectively. If r = r (s) is a spacelike curve, then the structural
equations (or Frenet formulas) of this frame are given as
·
T (s) = κ (s)N (s) ,
·
N (s) = εκ (s)T (s) + τ (s)B (s) ,
·
B (s) = τ (s)N (s)
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where
ε = {
+1, B is spacelike,
−1, B is timelike.
If r = r (s) is a timelike curve, then above equations are given as [7]
·
T (s) = κ (s)N (s) ,
·
N (s) = κ (s)T (s)− τ (s)B (s) ,
·
B (s) = τ (s)N (s) .
The norm of a vector X is defined by [5]
‖X‖IL =
√
|〈X,X〉|.
Theorem 1 : Let X and Y be non-zero orthogonal Lorentz vectors in R31. If
X is timelike, then Y is spacelike [8].
Theorem 2 : Let X and Y be positive (negative ) timelike vectors in R31. Then
〈X,Y 〉 ≤ ‖X‖ ‖Y ‖
with equality if and only if X and Y are linearly dependent [8].
Let X and Y be positive (negative ) timelike vectors in R31. Then there is a
unique non-negative real number ϕ (X,Y ) such that
〈X,Y 〉 = ‖X‖ ‖Y ‖ coshϕ (X,Y )
the Lorentzian timelike angle between X and Y is defined to be ϕ (X,Y ) [8].
LetX and Y be spacelike vectors in R31 that span a spacelike vector subspace.
Then we have
|〈X,Y 〉| ≤ ‖X‖ ‖Y ‖
with equality if and only if X and Y are linearly dependent. Hence, there is a
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unique real number ϕ (X,Y ) between 0 and pi such that
〈X,Y 〉 = ‖X‖ ‖Y ‖ cosϕ (X,Y )
the Lorentzian spacelike angle between X and Y is defined to be ϕ (X,Y ) [8].
Let X and Y be spacelike vectors in R31 that span a timelike vector subspace.
Then we have
|〈X,Y 〉| > ‖X‖ ‖Y ‖ .
Hence, there is a unique positive real number ϕ (X,Y ) between 0 and pi such
that
|〈X,Y 〉| = ‖X‖ ‖Y ‖ coshϕ (X,Y )
the Lorentzian timelike angle between X and Y is defined to be ϕ (X,Y ) [8].
Let X be a spacelike vector and Y be a positive timelike vector in R31. Then
there is a unique nonnegative real number ϕ (X,Y ) such that
|〈X,Y 〉| = ‖X‖ ‖Y ‖ sinhϕ (X,Y )
the Lorentzian timelike angle between X and Y is defined to be ϕ (X,Y ) [8].
Let M be a semi-Riemannian submanifold of M and D be the Levi-Civita
connection of M,the function II : χ (M)× χ (M) −→ χ (M)
⊥
such that
II (X,Y ) = norDXY
is ℑ (M)−bilinear and symmetric. II is callled the shape tensor (or second
fundamental form tensor) of M ⊂M [5].
Let N be a unit normal vector field on a semi-Riemannian hypersurface
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M ⊂M . The (1, 1) tensor field S on M such that
〈S (X) , Y 〉 = 〈II (X,Y ) , N〉
for all X,Y ∈ χ (M) is called the shape operator of M ⊂M derived from N [5].
As usual, S determines a linear operator S : TP (M) −→ TP (M) at each
point P ∈M . If S is shape operator derived from N , then S (X) = −DXN and
at each point the linear operator S on TP (M) is self adjoint. A regular curve
r on M is said to be a line of curvature of M if for all p ∈ r the tangent line
of r is a principal direction at p. According to this definition, the differential
equation of the line of curvature on M is S (T ) = ωT, ω 6= 0, where S is the
shape operator of M .
A surface in R31 is called a timelike surface if the induced metric on the
surface is a Lorentzian metric and is called a spacelike surface if induced metric
on the surface is positive definite Riemannian metric, i.e. the normal vector on
the spacelike (timelike) surface is a timelike (spacelike) vector [9].
A parametric curve r (s) is a curve on a surface P = P (s, t) in R31 that has a
constant s or t parameter value, that is, there exists a parameter s0 or t0 such
that
r (s) = P (s, t0) or r (t) = P (s0, t) .
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3 Spacelike Surface Pencil with a Common Line
of Curvature
Let P = P (s, t) be a parametric spacelike surface and r = r (s) be a spacelike
curve with spacelike binormal. The surface is defined by the given curve as
P (s, t) = r (s) + (u (s, t) , v (s, t) , w (s, t))


T (s)
N (s)
B (s)

 , (3.1)
L1 ≤ s ≤ L2, T1 ≤ t ≤ T2, where u (s, t) , v (s, t) and w (s, t) are called the
marching-scale functions and {T (s) , N (s) , B (s)} is the Frenet frame associated
with the curve r (s) .
Since the curve r (s) is a parametric curve on the surface P (s, t), there exists
a parameter t0 ∈ [T1, T2] such that P (s, t0) = r (s), L1 ≤ s ≤ L2, that is,
u (s, t0) = v (s, t0) = w (s, t0) ≡ 0 , L1 ≤ s ≤ L2. (3.2)
Let n1 (n1 = cosh θN + sinh θB) be a vector orthogonal to the curve r (s),
where θ = θ (s) is the Lorentzian timelike angle between N and n1.The curve
r (s) is a line of curvature on the surface P (s, t) if and only if n1 is parallel to
the normal vector n (s, t) of the surface P (s, t) and S (T ) = ωT, ω 6= 0, where
S is the shape operator of the surface.
Firstly, we derive the condition for n1 to be parallel to the normal vector
n (s, t) of the surface P (s, t) :
The normal vector can be expressed as
n (s, t) = ∂P (s,t)
∂s
× ∂P (s,t)
∂t
= (−(∂w(s,t)
∂s
+ v (s, t) τ (s))∂v(s,t)
∂t
+
(∂v(s,t)
∂s
+ u (s, t)κ (s) + w (s, t) τ (s))∂w(s,t)
∂t
)T (s)+
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((1 + ∂u(s,t)
∂s
+ v (s, t)κ (s))∂w(s,t)
∂t
−
(∂w(s,t)
∂s
+ v (s, t) τ (s))∂u(s,t)
∂t
)N (s)+
((1 + ∂u(s,t)
∂s
+ v (s, t)κ (s))∂v(s,t)
∂t
−
(∂v(s,t)
∂s
+ u (s, t)κ (s) + w (s, t) τ (s))∂u(s,t)
∂t
)B (s)
Thus, we get
n (s, t0) = φ1 (s, t0)T (s) + φ2 (s, t0)N (s) + φ3 (s, t0)B (s) ,
where
φ1 (s, t0) =
∂v(s,t0)
∂s
∂w(s,t0)
∂t
− ∂w(s,t0)
∂s
∂v(s,t0)
∂t
,
φ2 (s, t0) =
(
1 + ∂u(s,t0)
∂s
)
∂w(s,t0)
∂t
− ∂w(s,t0)
∂s
∂u(s,t0)
∂t
,
φ3 (s, t0) =
(
1 + ∂u(s,t0)
∂s
)
∂v(s,t0)
∂t
− ∂v(s,t0)
∂s
∂u(s,t0)
∂t
.
This follows that n1 (s) //n (s, t0), L1 ≤ s ≤ L2, if and only if there exits a
function λ (s) 6= 0 such that
φ1 (s, t0) = 0, φ2 (s, t0) = λ (s) cosh θ, φ3 (s, t0) = λ (s) sinh θ. (3.3)
Secondly, since S (T ) = ωT, ω 6= 0, we obtain
θ (s) = −
s∫
s0
τds+ θ0, (3.4)
where s0 is the starting value of the arc-length and θ = θ (s) . In this paper, we
assume that s0 = 0.
Combining (3.2), (3.3) and (3.4), we have the following theorem.
Theorem 3 A spacelike curve r (s) with spacelike binormal is a line of curva-
ture on the surface P (s, t) if and only if the followings are satisfied:
θ (s) = −
s∫
s0
τds+ θ (0) ,
8
u (s, t0) = v (s, t0) = w (s, t0) ≡ 0,
φ1 (s, t0) ≡ 0 , φ2 (s, t0) = λ (s) cosh θ, φ3 (s, t0) = λ (s) sinh θ.
We call the set of surfaces defined by (3.1) - (3.4) spacelike surface pencil with
a common line of curvature. Any surface P (s, t) defined by (3.1) and satisfying
(3.2) - (3.4) is a member of this family.
Now, we analyse two different types of the marching-scale functions
u (s, t) , v (s, t) and w (s, t) in. the Eq. (3.1).
(i) If we choose
u (s, t) =
p∑
k=1
a1kl (s)
k
U (t)
k
, v (s, t) =
p∑
k=1
a2km (s)
k
V (t)
k
and w (s, t) =
p∑
k=1
a3kn (s)
k
W (t)
k
then, we can simply express the sufficient condition for which the curve r (s)
is a line of curvature of the surface P (s, t) as
U (t0) = V (t0) = W (t0) = 0
θ (s) = −
s∫
s0
τds+ θ0, (3.5)
a21m (s)V
′ (t0) = λ (s) sinh θ, a31n (s)W ′ (t0) = λ (s) cosh θ,
λ (s) 6= 0, where l (s) ,m (s) , n (s) , U (t) , V (t) and W (t) are C1 functions,
aij ∈ R (k = 1, 2, 3; j = 1, 2, 3, ..., p).
(ii) If we choose
u (s, t) = f
(
p∑
k=1
a1kl (s)
k
U (t)
k
)
, v (s, t) = g
(
p∑
k=1
a2km (s)
k
V (t)
k
)
and
w (s, t) = h
(
p∑
k=1
a3kn (s)
k
W (t)
k
)
then, we can express the sufficient condition for which the curve r (s) is a
line of curvature on the surface P (s, t) as
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U (t0) = V (t0) =W (t0) = 0 and f (0) = g (0) = h (0) ,
θ (s) = −
s∫
s0
τds+ θ0, (3.6)
g
′
(0)a21m (s)V
′ (t0) = λ (s) sinh θ, h
′
(0) a31n (s)W
′ (t0) = λ (s) cosh θ,
λ (s) 6= 0, where l (s) ,m (s) , n (s) , U (t) , V (t) and W (t) are C1 functions,
aij ∈ R (k = 1, 2, 3; j = 1, 2, 3, ..., p).
Example 4 Let r (s) =
(
a sinh
(
s
c
)
, bs
c
, a cosh
(
s
c
))
be a spacelike curve ,
a, b, c ∈ R, a2 + b2 = c2 and −2 ≤ s ≤ 2. It is easy to show that
T (s) =
(
a
c
cosh
(
s
c
)
, b
c
, a
c
sinh
(
s
c
))
,
N (s) =
(
sinh
(
s
c
)
, 0, cosh
(
s
c
))
,
B (s) =
(
b
c
cosh
(
s
c
)
,−a
c
, b
c
sinh
(
s
c
))
.
By taking θ (0) = 0 we have θ (s) = − bs
c2
. If we choose λ (s) ≡ 1, t0 =
0, a21 = a31 = 1 and
u (s, t) =
3∑
k=1
a1kl (s)U (t) ≡ 0,
v (s, t) = sinh
(
− bs
c2
)
t+
3∑
k=2
a2k sinh
k
(
− bs
c2
)
tk,
w (s, t) = cosh
(
− bs
c2
)
t+
3∑
k=2
a3k cosh
k
(
− bs
c2
)
tk
then the Eq. (3.5) is satisfied.
Letting a = b = 1, we immediately obtain a member of the surface pencil
(Fig. 3.1) as
P1 (s, t) = ( sinh
(
s√
2
)
+sinh
(
− s2
)
t sinh
(
s√
2
)
+sinh
(
s√
2
) 3∑
k=2
a2k sinh
k
(
− s2
)
tk+
√
2
2 cosh
(
− s2
)
t cosh
(
s√
2
)
+
√
2
2 cosh(
s√
2
)
3∑
k=2
a3k cosh
k
(
− s2
)
tk,
s√
2
−
√
2
2 cosh
(
− s2
)
t−
√
2
2
3∑
k=2
a3k cosh
k
(
− s2
)
tk, cosh( s√
2
)+sinh(− s2 )t cosh(
s√
2
)+
cosh( s√
2
)
3∑
k=2
a2k sinh
k
(
− s2
)
tk
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+
√
2
2 cosh
(
− s2
)
t sinh
(
s√
2
)
+
√
2
2 sinh
(
s√
2
) 3∑
k=2
a3k cosh
k
(
− s2
)
tk ).
Fig. 3.1. P1 (s, t) as a member of the surface pencil and its line of curvature
Example 5 Let r (s) =
(√
3
2 sinh (s) ,
s
2 ,
√
3
2 cosh (s)
)
be an arc-length spacelike
curve, 0≤ s ≤ 2pi. It is easy to show that
T (s) =
(√
3
2 cosh (s) ,
1
2 ,
√
3
2 sinh (s)
)
,
N (s) = (sinh (s) , 0, cosh (s)) ,
B (s) =
(
1
2 cosh (s) ,−
√
3
2 ,
1
2 sinh (s)
)
,
τ = 12 .
Taking θ (0) = 0 we have θ (s) = − 12s. If we choose λ (s) ≡ 1, t0 = 0, a21 =
a31 = 1 and
u (s, t) = t, v (s, t) = sinh
(
− 12s
)
t, w (s, t) = cosh
(
− 12s
)
t
then the Eq. (3.5) is satisfied. So, we have the following surface as a member
of the surface pencil with common line of curvature r (s) (Fig. 3.2) as
P2 (s, t) = (
√
3
2 sinh (s)+
√
3
2 t cosh (s)+t cosh
(
− 12s
)
sinh (s)−t sinh
(
− 12s
)
cosh
(
− 12s
)
,
s
2 +
t
2 +
√
3
2 ,
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√
3
2 cosh (s) +
√
3
2 t sinh (s) + cosh
(
− 12s
)
cosh (s)− 12 sinh
(
− 12s
)
sinh (s) )
where 0 ≤ s ≤ 2pi, − 2 ≤ t ≤ 2.
Fig. 3.2. P2 (s, t) as a member of the surface pencil and its line of curvature
4 Timelike Surface Pencil with a Common Line
of Curvature
Let P = P (s, t) be a parametric timelike surface and r = r (s) be a spacelike
curve with timelike binormal. The surface is defined by the given curve as
P (s, t) = r (s) + (u (s, t) , v (s, t) , w (s, t))


T (s)
N (s)
B (s)

 , (4.1)
L1 ≤ s ≤ L2, T1 ≤ t ≤ T2, where {T (s) , N (s) , B (s)} is the Frenet frame
associated with the curve r (s) .
Since the curve r (s) is a parametric curve on the surface P (s, t), there exists
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a parameter t0 ∈ [T1, T2] such that P (s, t0) = r (s) L1 ≤ s ≤ L2, that is ,
u (s, t0) = v (s, t0) = w (s, t0) ≡ 0 , L1 ≤ s ≤ L2. (4.2)
Let n1 (n1 = cosh θN + sinh θB) be a vector orthogonal to the curve r (s),
where θ = θ (s) is the Lorentzian timelike angle between N and n1.The curve
r (s) is a line of curvature on the surface P (s, t) if and only if n1 is parallel to
the normal vector n (s, t) of the surface P (s, t) and S (T ) = ωT, ω 6= 0, where
S is the shape operator of the surface.
Firstly, we derive the condition for n1 to be parallel to the normal vector
n (s, t) of the surface P (s, t) :
The normal vector can be expressed as
n (s, t) = ∂P (s,t)
∂s
× ∂P (s,t)
∂t
= (−(τ (s) v (s, t) + ∂w(s,t)
∂s
)∂v(s,t)
∂t
+
(−κ (s)u (s, t) + τ (s)w (s, t) + ∂v(s,t)
∂s
)∂w(s,t)
∂t
)T (s)+
((τ (s) v (s, t) + ∂w(s,t)
∂s
)∂u(s,t)
∂t
−
(1 − κ (s) v (s, t) + ∂u(s,t)
∂s
)∂w(s,t)
∂t
)N (s)+
((−κ (s)u (s, t) + τ (s)w (s, t) + ∂v(s,t)
∂s
)∂u(s,t)
∂t
−
(1 − κ (s) v (s, t) + ∂u(s,t)
∂s
)∂v(s,t)
∂t
)B (s) .
Thus, we get
n (s, t0) = φ1 (s, t0)T (s) + φ2 (s, t0)N (s) + φ3 (s, t0)B (s) ,
where
φ1 (s, t0) =
∂v(s,t0)
∂s
∂w(s,t0)
∂t
− ∂w(s,t0)
∂s
∂v(s,t0)
∂t
,
φ2 (s, t0) = −
(
1 + ∂u(s,t0)
∂s
)
∂w(s,t0)
∂t
+ ∂w(s,t0)
∂s
∂u(s,t0)
∂t
,
φ3 (s, t0) = −
(
1 + ∂u(s,t0)
∂s
)
∂v(s,t0)
∂t
+ ∂v(s,t0)
∂s
∂u(s,t0)
∂t
.
This follows that n1 (s) //n (s, t0), L1 ≤ s ≤ L2, if and only if there exits a
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function λ (s) 6= 0 such that
φ1 (s, t0) = 0, φ2 (s, t0) = λ (s) cosh θ, φ3 (s, t0) = λ (s) sinh θ. (4.3)
Secondly, since S (T ) = ωT, ω 6= 0,
θ (s) = −
s∫
s0
τds+ θ0, (4.4)
where s0 is the starting value of arc length and θ = θ (s) . In this paper, we
assume s0 = 0.
Combining (4.2), (4.3) and (4.4), we have the following theorem.
Theorem 6 A spacelike curve r (s) with timelike binormal is a line of curvature
on the surface P (s, t) if and only if the followings are satisfied
θ (s) = −
s∫
s0
τds+ θ (0) ,
u (s, t0) = v (s, t0) = w (s, t0) ≡ 0,
φ1 (s, t0) ≡ 0 , φ2 (s, t0) = λ (s) cosh θ, φ3 (s, t0) = λ (s) sinh θ.
Now, we analyse two different types of the marching-scale functions u (s, t) ,
v (s, t) and w (s, t) in the Eq. (4.1).
(i) If we choose
u (s, t) =
p∑
k=1
a1kl (s)
k
U (t)
k
, v (s, t) =
p∑
k=1
a2km (s)
k
V (t)
k
and w (s, t) =
p∑
k=1
a3kn (s)
k W (t)k
then, we can simply express the sufficient condition for which the curve r (s)
is a line of curvature on the surface P (s, t) as
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U (t0) = V (t0) =W (t0) = 0
θ (s) = −
s∫
s0
τds+ θ0, (4.5)
a21m (s)V
′ (t0) = −λ (s) sinh θ, a31n (s)W ′ (t0) = −λ (s) cosh θ,
λ (s) 6= 0, where l (s) ,m (s) , n (s) , U (t) , V (t) and W (t) are C1 functions,
aij ∈ R (k = 1, 2, 3; j = 1, 2, 3, ..., p).
(ii) If we choose
u (s, t) = f
(
p∑
k=1
a1kl (s)
k U (t)k
)
, v (s, t) = g
(
p∑
k=1
a2km (s)
k V (t)k
)
and
w (s, t) = h
(
p∑
k=1
a3kn (s)
k W (t)k
)
then, we can express the sufficient condition for which the curve r (s) is a
line of curvature on the surface P (s, t) as
U (t0) = V (t0) = W (t0) = 0 and f (0) = g (0) = h (0) = 0,
θ (s) = −
s∫
s0
τds+ θ0, (4.6)
g
′
(0) a21m (s)V
′ (t0) = −λ (s) sinh θ, h
′
(0) a31n (s)W
′ (t0) = −λ (s) cosh θ,
λ (s) 6= 0, where l (s) ,m (s) , n (s) , U (t) , V (t) and W (t) are C1 functions,
aij ∈ R (k = 1, 2, 3; j = 1, 2, 3, ..., p).
Example 7 Let r (s) = (cos (s) , sin (s) , 0) be an arc-length spacelike curve 0 <
s ≤ 2pi.It is easy to show that
T (s) = (− sin (s) , cos (s) , 0) ,
N (s) = (− cos (s) ,− sin (s) , 0) ,
15
B (s) = (0, 0, 1) ,
τ = 0.
If we let θ (0) = 0,then we have θ (s) = 0. By taking λ (s) = s, t0 = 0 and
the marching-scale functions as
u (s, t) = sin t, v (s, t) = 0, w (s, t) = − sinh (ts)
then the Eq. (4.6) is satisfied. So, we have the following surface as a member
of the surface pencil with common line of curvature r (s) (Fig. 4.1) as
P3 (s, t) = (cos (s)− sin (t) sin (s) , sin (s) + cos (s) sin (t) , sinh (ts)) ,
where 0 < s ≤ 2pi, − 1 ≤ t ≤ 1.
Fig. 4.1. P3 (s, t) as a member of the surface pencil and its line of curvature
For the same curve if we choose t0 = 0 , λ (s) = − cosh (s) and the marching-
scale functions as
u (s, t) =
4∑
k=1
sink (s) sink (t) , v (s, t) = 0, w (s, t) =
4∑
k=1
coshk (s) sinhk (t)
we have the Eqn. (4.5) is satisfied. Thus, the surface
P4 (s, t) = (cos (s)−sin (s)
4∑
k=1
sink (s) sink (t) , sin (s)+cos (s)
4∑
k=1
sink (s) sink (t) ,
4∑
k=1
coshk (s) sinhk (t))
is a member of the surface pencil with common line of curvature r (s), where
−1.1 ≤ s ≤ 1.1, − 0.7 ≤ t ≤ 0.2 (Fig.4 2).
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Fig. 4.2. P4 (s, t) as a member of the surface pencil and its line of curvature
Now let P = P (s, t) be a parametric timelike surface and r = r (s) be a
timelike curve. The surface is defined by the given curve as
P (s, t) = r (s) + (u (s, t) , v (s, t) , w (s, t))


T (s)
N (s)
B (s)

 , (4.7)
L1 ≤ s ≤ L2, T1 ≤ t ≤ T2.
Let n1 (n1 = cos θN + sin θB) be a vector orthogonal to the curve r (s),
where θ = θ (s) is the Lorentzian spacelike angle between N and n1. The curve
r (s) is a line of curvature on the surface P (s, t) if and only if n1 is parallel to
the normal vector n (s, t) of the surface P (s, t) and S (T ) = ωT, ω 6= 0, where
S is the shape operator of the surface.
Since the curve r (s) is a parametric curve on the surface P (s, t), there exists
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a parameter t0 ∈ [T1, T2] such that P (s, t0) = r (s) L1 ≤ s ≤ L2, that is ,
u (s, t0) = v (s, t0) = w (s, t0) ≡ 0 , L1 ≤ s ≤ L2, T1 ≤ t ≤ T2. (4.8)
Fistly, we derive the condition for n1 to be parallel to the normal vector n (s, t)
of the surface P (s, t) :
The normal vector can be expressed as
n (s, t) = ∂P (s,t)
∂s
× ∂P (s,t)
∂t
= ((−τ (s) v (s, t) + ∂w(s,t)
∂s
)∂v(s,t)
∂t
−
(κ (s)u (s, t) + τ (s)w (s, t) + ∂v(s,t)
∂s
)∂w(s,t)
∂t
)T (s)+
((−τ (s) v (s, t) + ∂w(s,t)
∂s
)∂u(s,t)
∂t
−
(1 + κ (s) v (s, t) + ∂u(s,t)
∂s
)∂w(s,t)
∂t
)N (s)+
(−(κ (s)u (s, t) + τ (s)w (s, t) + ∂v(s,t)
∂s
)∂u(s,t)
∂t
+
(1 + κ (s) v (s, t) + ∂u(s,t)
∂s
)(∂v(s,t)
∂t
))B (s)
Thus, we get
n (s, t0) = φ1 (s, t0)T (s) + φ2 (s, t0)N (s) + φ3 (s, t0)B (s) ,
where
φ1 (s, t0) =
∂w(s,t0)
∂s
∂v(s,t0)
∂t
− ∂v(s,t0)
∂s
∂w(s,t0)
∂t
,
φ2 (s, t0) =
∂w(s,t0)
∂s
∂u(s,t0)
∂t
−
(
1 + ∂u(s,t0)
∂s
)
∂w(s,t0)
∂t
,
φ3 (s, t0) =
(
1 + ∂u(s,t0)
∂s
)
∂v(s,t0)
∂t
− ∂v(s,t0)
∂s
∂u(s,t0)
∂t
.
This follows that n1 (s) //n (s, t0), L1 ≤ s ≤ L2, if and only if there exits a
function λ (s) 6= 0 such that
φ1 (s, t0) = 0, φ2 (s, t0) = λ (s) cos θ, φ3 (s, t0) = λ (s) sin θ. (4.9)
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Secondly, since S (T ) = ωT, ω 6= 0,
θ (s) =
s∫
s0
τds+ θ0, (4.10)
where s0 is the starting value of arc length and θ = θ (s) . In this paper, we
assume that s0 = 0.
Combining (4.8), (4.9) and (4.10), we have the following theorem.
Theorem 8 A timelike curve r (s) is a line of curvature on the surface P (s, t)
if and only if the followings are satisfied
θ (s) =
s∫
s0
τds+ θ (0) ,
u (s, t0) = v (s, t0) = w (s, t0) ≡ 0,
φ1 (s, t0) ≡ 0 , φ2 (s, t0) = λ (s) cos θ, φ3 (s, t0) = λ (s) sin θ.
We call the set of surfaces defined by (4.1) - (4.4) or (4-7) - (4-10) timelike
surface pencil with a common line of curvature. Any surface P (s, t) satisfying
these conditions is a member of this family.
Now, we analyse two different types of the marching-scale functions
u (s, t) , v (s, t) and w (s, t) in the Eq. (4.1).
(i) If we choose marching-scale functions as
u (s, t) =
p∑
k=1
a1kl (s)
k
U (t)
k
, v (s, t) =
p∑
k=1
a2km (s)
k
V (t)
k
and w (s, t) =
p∑
k=1
a3kn (s)
k W (t)k
then, we can simply express the sufficient condition for which the curve r (s)
is a line of curvature of the surface P (s, t) as
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U (t0) = V (t0) = W (t0) = 0,
θ (s) =
s∫
s0
τds+ θ, (4.11)
a21m (s)V
′ (t0) = λ (s) sin θ, a31n (s)W ′ (t0) = −λ (s) cos θ,
λ (s) 6= 0, where l (s) ,m (s) , n (s) , U (t) , V (t) and W (t) are C1 functions,
aij ∈ R (k = 1, 2, 3; j = 1, 2, 3, ..., p) .
(ii) If we choose marching-scale functions as
u (s, t) = f
(
p∑
k=1
a1kl (s)
k U (t)k
)
, v (s, t) = g
(
p∑
k=1
a2km (s)
k V (t)k
)
and
w (s, t) = h
(
p∑
k=1
a3kn (s)
k W (t)k
)
then, we can express the sufficient condition for which the curve r (s) is a
line of curvature on the surface P (s, t) as
U (t0) = V (t0) =W (t0) = 0 and f (0) = g (0) = h (0) = 0,
θ (s) =
s∫
s0
τds+ θ0, (4.12)
g
′
(0)a21m (s) V
′ (t0) = λ (s) sin θ, h
′
(0)a31n (s)W
′ (t0) = −λ (s) cos θ,
λ (s) 6= 0, where l (s) ,m (s) , n (s) , U (t) , V (t) and W (t) are C1 functions,
aij ∈ R (k = 1, 2, 3; j = 1, 2, 3, ..., p).
Example 9 Let r (s) = (cosh (s) , 0, sinh (s))be an arc-length timelike curve ,0
≤ s ≤ 2pi.It is easy to show that
T (s) = (sinh (s) , 0, cosh (s)) ,
N (s) = (cosh (s) , 0, sinh (s)) ,
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B (s) = (0,−1, 0) ,
τ = 0.
By taking λ (s) = −s, t0 = 0 and the marching-scale functions as
u (s, t) = sinh (t) , v (s, t) = 0, w (s, t) = cosh (st)
we have the Eq. (4.12) is satisfied. So, we obtain the following surface as a
member of the surface pencil with common line of curvature r (s) (Fig. 4.3) as
P5 (s, t) = (cosh (s) + sinh (t) sinh (s) ,− cosh (s ∗ t) , sinh (s) + cosh (s) sinh (t)) ,
where 0 ≤ s ≤ 2pi, −1 ≤ t ≤ 1.
Fig. 4.3. P5 (s, t) as a member of the surface pencil and its line of curvature
For the same curve let λ (s) = − sinh (s) , t0 = 0 and the marching-scale
functions
u (s, t) =
4∑
k=1
sinhk (t) , v (s, t) ≡ 0, w (s, t) =
4∑
k=1
sinhk (s) sinhk (t) .
Now we have the Eq. (4.11) is satisfied. Thus, the surface
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P6 (s, t) = (cosh (s)+sinh (s)
4∑
k=1
sinhk (t) ,−
4∑
k=1
sinhk (s) sinhk (t) , sinh (s)+
cosh (s)
4∑
k=1
sinhk (t))
is a member of the surface pencil with common line of curvature r (s), where
−1 ≤ s ≤ 1, −0.4 ≤ t ≤ 0.4.
Fig. 4.4. P6 (s, t) as a member of the surface pencil and its line of curvature
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